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Abstract 

Let G be a totally disconnected, locally compact group admitting a 
P^ ' contractive automorphism a. We prove a Jordan-Holder theorem for 

^ ■ series of a-stable closed subgroups of G, classify all possible compo- 

(-H ! sition factors and deduce consequences for the structure of G. 
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,Q Introduction 

A contraction group is a pair {G,a), wliere G is a topological group and 
a: G —>■ G a contractive automorphism, meaning that a"'{x) —>■ 1 a.s n -^ cxo, 
for each x G G. Contraction groups arise in probability theory on locally 
compact groups (see, e.g., [10]), representation theory ([14], [15], [16], [21]), 
and the structure theory of locally compact groups initiated in [22] (see [1] 
/\ • and [7]). It is known from the work of Siebert that every locally compact 

j^ ■ contraction group is a direct product G = Ge y< D oi a connected group Ge 

and an a-stable totally disconnected group D, whence the study of locally 
compact contraction groups splits into the two extreme cases of connected 
groups and totally disconnected groups (see [20, Proposition 4.2]). Siebert 
characterized the connected locally compact contraction groups; they are, 
in particular, simply connected, nilpotent real Lie groups. He also provided 
some basic information concerning the totally disconnected case. In the 
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present article, we complete the picture by discussing the fine structure of 
a totally disconnected, locally compact contraction group G. We show the 
existence of a composition series 

l = Go< ■■■ <Gn = G 

of a-stable closed subgroups of G, prove a Jordan-Holder Theorem for the 
topological factor groups and find the possible composition factors Gj/Gj^i. 
Any such is a simple contraction group in the sense that it does not have a 
non-trivial, proper, a-stable closed normal subgroup. Our first main result 
is a classification of the simple, totally disconnected contraction groups. 

Theorem A. Let {G, a) be a simple, totally disconnected, locally compact 
contraction group. Then G is a torsion group or torsion-free, and {G, a) is 
of the following form: 

(a) If G is a torsion group, then (G, a) is isomorphic to a restricted product 
p(-^) X F^° with the right shift, for a finite simple group F. 

(b) // G is torsion-free, then (G, a) is isomorphic to a finite- dimensional 
p-adic vector space, together with a contractive linear automorphism 
which does not leave any non-trivial, proper vector suhspace invariant. 

Conversely, all of the contraction groups described in (a) and (b) are simple. 

We remark that the contractive linear automorphisms occurring in (b) can 
be characterized in terms of their rational normal form (cf. Proposition 6.3). 
The classification has important consequences for general contraction groups. 
Our second main result is the following structure theorem. 

Theorem B. Let (G, a) be a totally disconnected, locally compact contraction 
group. Then the settor(G) of torsion elements and the set div(G) of infinitely 
divisible elements are a-stable closed subgroups of G, and 

G = tor(G) X div(G) 

{internally) as a topological group. Furthermore, div(G) is a direct product 
of a-stable, nilpotent p-adic Lie groups Gp for certain primes p, 



div(G) = Gp^ X ■ • ■ X G. 



Pn 



Each Gp actually is the group of Qp-rational points of a unipotent linear 
algebraic group defined over Qp, by [21, Theorem 3.5 (ii)]. 



Organization of the article. Sections 1 and 2 are of a preparatory nature. 
In Section 1, we compile several basic facts concerning contraction groups. 
In Section 2, we fix our terminology concerning topological groups with oper- 
ators and formulate a criterion for the validity of a Jordan-Holder Theorem, 
which can be verified for the cases of relevance (in Section 3). This is quite 
remarkable, because composition series can rarely be used with profit in the 
theory of topological groups (typically they need not exist, and if they do, 
then uniqueness of the composition factors cannot be insured). Sections 4 
and 5 prepare the proof of the classification (given in Section 6). Notably, 
we show there that every simple totally disconnected contraction group is 
pro-discrete, i.e., every identity neighbourhood contains an open normal sub- 
group. As a tool for the proof of Theorem B, we explain in Section 7 how a 
canonical series of a-stable normal subgroups can be associated with a con- 
traction group. The proof of the Structure Theorem is outlined in Section 8 
and details are provided in Sections 9-11. 

Acknowledgement. We are grateful to Udo Baumgartner for discussions in 
the early stages of this work. 



1 Preliminaries 

Let us agree on the following conventions concerning subgroups and auto- 
morphisms of a topological group G. All automorphisms a of G are assumed 
bicontinuous. A subgroup H < G is called a-stable if a{H) = H while it is 
a-invariant if a{H) C if . \l H is a-stable for each automorphism a of G, 
then H is called topologically characteristic. It is topologically fully invariant 
if it is invariant under each endomorphism of the topological group G. An 
automorphism a of G is called contractive if a"'{x) -^ 1 for all x & G. The 
module of an automorphism a; of a locally compact group G is defined as 
Ac (a) := wL , where f/ C G is any non-empty, relatively compact, open 
subset and A a left invariant Haar measure on G. 

We recall various important facts concerning contractive automorphisms. 

Proposition 1.1 For each totally disconnected, locally compact group G and 
contractive automorphism a: G -^ G, the following holds: 

(a) a is compactly contractive, i.e., for each compact subset K C G and 
identity neighbourhood W (^ G, there is N E N such that a"(i^) C W 



for all n> N [and hence also K C a "'{W)). 

(b) G has a compact, open subgroup W such that a{W) (^ W . If G is 
pro-discrete, then W can be chosen as a normal subgroup of G. 

(c) If G ^ 1, then G is neither discrete nor compact. 

(d) If W (^ G is a relatively compact, open identity neighbourhood, then 
{a"'{W) : n G No} is a basis of identity neighbourhoods, and G = 
UnGN Oi~"'{W). In particular, G is first countable and a -compact. 

(e) The module Ag'(«"^) is an integer > 2. 

(f) If G has a compact, open, normal subgroup, then G is pro-discrete. 

Proof, (a) See [21, Proposition 2.1] or [20, Lemma 1.4 (iv)]. 

(b) See [20, Lemma 3.2 (i) and Remark 3.4(2)]. 

(c) See [20, 3.1]. 

(d) follows directly from (a); see also [20, 1.8(a)]. 

(e) For W as in (b), W is an open subgroup of the compact group a^^{W) 
and thus 

If [a"^(W^) : W] was 1, then we would have W = a~^{W) and thus G = 
UneN Ci:~"'{W) = W , whence G would be compact, contradicting (c). 

(f) See [20, Remark 3.4 (2)]. D 

If G is a topological group and a: G ^ G a, contractive automorphism, it is 
convenient to call (G, a) a contraction group. 

In the following, all contraction groups are assumed locally compact and totally 
disconnected, unless the contrary is stated. 

The proof of the classification hinges on the theory of analytic pro-p-groups. 
We refer to [3] for background information. Generalities concerning p-adic 
Lie groups can also be found in [2] and [19] . Standard facts from the theory 
of pro-finite groups and their Sylow subgroups (as provided in [17] or [23]) 
will be used freely. We shall say that a topological group G is locally pro-p 
if it has an open subgroup which is a pro-p-group. 



2 Topological groups with operators 

We are interested in series of a-stable closed subgroups of contraction groups, 
but also in series of a-stable, closed, normal subgroups. Topological groups 
with operators provide the appropriate language to deal with both cases 
simultaneously. They also enable us to formulate sufficient conditions for the 
validity of a Jordan-Holder Theorem. 

Definition 2.1 Let Q he a set. A topological Q-group is a Hausdorff topo- 
logical group G, together with a map k: Qx G ^' G, {ijj,g) ^^ k{lj, g) =: u.g 
such that k{uj, •): G -^ G is a continuous endomorphism of G, for each 
uj & fi. A subgroup H of a topological f2-group G is called an fi-subgroup if 
it is closed and Q.H C iJ. A continuous homomorphism (p: G -^ H between 
topological r2-groups is called an Q-homomorphism if (j){uj.g) = uj.(f){g) for all 
uj E Q and g E G. 

Each fi-subgroup H < G oi a topological fi-group G and each quotient G/N 
by a normal fi-subgroup is a topological fi-group in a natural way. 

Remark 2.2 If {G,a) is a totally disconnected contraction group, we shall 
turn G into a topological fi-group in two ways: 

(a) fi = (a) < Aut(G'). Then (a) -subgroups are closed a-stable subgroups. 

(b) fi = (Int(G) U {a}) < Aut(G'), where Int(G) is the group of inner 
automorphisms of G. In this case, the fi-subgroups of G are the closed 
a-stable normal subgroups of G. 

Let G be a topological fi-group. As expected, a series 

1 = Go < Gi < ■■■ < Gn = G (1) 

is called an Q-series if each Gj is an fi-subgroup of G (and hence closed). 
An fi-composition series is an fi-series (1) without repetitions which does 
not admit a proper refinement. Two fi-series S and T are fi-isomorphic if 
there is a bijection from the set of factors of S onto the set of factors of T 
such that corresponding factors are fi-isomorphic as topological fi-groups. 

Definition 2.3 A totally disconnected contraction group (G, a) is called 
simple if it is a simple topological (Q;)-group, that is, G 7^ 1 and G has no 
a-stable closed normal subgroups except for 1 and G. 



Evidently, an (a)-series 1 = Gq < ■ ■ ■ < Gn = G of a contraction group (G, a) 
is an (Q;)-composition series if and only if all factors Gj/Gj^i are simple 
contraction groups. 

We now formulate a criterion for the validity of the Jordan- Holder Theorem. 

Proposition 2.4 Let G be a a-compact, locally compact group with set of 
operators Q. Assume that G satisfies the following "closed product property": 
For all Q-subgroups Hi,H2 < G such that H2 normalizes Hi, the product 
H1H2 is closed in G {and hence an Q-subgroup) . Then the following holds: 

(a) {Schreier Refinement Theorem) Any two Q-series of G have Q-isomor- 
phic refinements. 

(b) {Jordan- Holder Theorem) IfS is an Vt- composition series and T is any 
Q-series of G, then T has a refinement which is an VL- composition se- 
ries and is fi-isomorphic with S. In particular, any two Vt- composition 
series of G are Q-isomorphic. 

Proof. If S < G, H < S and N < S are closed subgroups such that HN is 
closed, then H and HN/N are a-compact, locally compact groups. Therefore 
H/{Hr\N) -^ HN/N, x{Hr\N) t-^ xN is a topological isomorphism, by [11, 
(5.33)]. Using this information and the closed product property, we find that 
all subgroups occurring in the standard proofs of the Zassenhaus Lemma and 
the Schreier Refinement Theorem (as in [18, 3.1.1-3.1.2]) are closed and that 
all relevant abstract isomorphisms are isomorphisms of topological groups. 
Thus (a) holds. Part (b) is a direct consequence. □ 



3 The Jordan-Holder Theorem for contraction 
groups 

We now verify the closed product property (from Proposition 2.4) for a- 
stable closed subgroups of a totally disconnected contraction group {G,a). 
As a consequence, a Jordan-Holder Theorem holds for contraction groups. 
We shall also see that (a)-composition series always exist. 

The following proposition is one of the main technical tools of this article. 
It ensures that an a-invariant closed subgroup of a contraction group {G, a) 
always is an open subgroup of a suitable a-stable closed subgroup of G. 
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Proposition 3.1 Let (G, a) be a totally disconnected, locally compact con- 
traction group and H < G he a closed subgroup such that a{H) C H . Then 

(a) S := UnGNo <^ "(-^) ^■s « closed a-stable subgroup of G, and H is open 
in S . Furthermore: 

(b) There exists a compact, open subgroup K < H such that a{K) C K . 

(c) If H is compact, then [H : a{H)] < oo. 

(d) If H is normal in G, then also S is normal in G. 

Proof, (a) and (d): Since a{H) C H, we have a~^{H) C a^^^^(H) for all 
j G No, entailing that S* is a subgroup of G (which is normal if so is H). By 
Proposition 1.1 (b), there exists a compact, open subgroup W < G such that 
a{W) C W. We claim that 

Sna^'^iW) = Hna^'^iW) (2) 

for some no G No- If this claim is true, then Sna'^"(W) is a compact identity 
neighbourhood in 5", and hence S is locally compact and thus closed in G. 
Furthermore, H is open in S, as it contains the open set S fl Q;""(iy). To 
prove (a), it therefore only remains to establish (2). We proceed in steps. 

Step 1. We first note that the indices £„ := [Hna''{W) : Hna''+\W)] = 
[{H n a''{W))a''+\W) : a"+^(W^)] < [a"(W^) : a"+^(W^)] = [W : a{W)] are 
bounded. Furthermore, the sequence (£„)neNo is monotonically increasing, as 

[{H n a"(W^))a"+^(W^) : a"+^(W^)] = [{a{H) f] a''+\W))a''+\W) : a"+'(W^)] 

Here, we applied the automorphism a to all subgroups, and then used that 
a{H) C H. As a consequence, (£„)„gN becomes stationary; there are no G No 
and £ G N such that [H n a"" (W) : H n a'^+^W)] = £ for all n > no. 

Step 2. a™(iJna"(Vr)) = iJna"+™(Vr), for all n > no andm G No- To 
see this, note first that a'^{Hna'^{W)) = a™(/7)na"+'"(Vr) C Hna'^+'^{W). 
Since [{Hr]a''{W))a''+\W) : a'^+^W)] = i, we find Xi, . . . ,a;^ G if na"(W^) 
such that {H n a''{W))a^+\W)/a^+\W) = {xia'^+^W), . . . ,xea''+\W)} 
and thus x^'^Xj ^ «"^^(W^) whenever i ^ j. For each k G No, we then have 



and a^{x,i) ^a^{xj) ^ «"+^+^(W^) if i 7^ j, entailing that 

for all k G Nq. Thus, given y e H n a"-^"^{W), we find io e {1,. . .,£} such 
that a™(xij-iy e Hn a^+'^+^W). Next, we find he {!,...,£} such that 
^m+i^^.j-i^mj^^.j-i^ G Hr\a'^^"'^'^{W). Proceeding in this way, we obtain 
a sequence {ik)kmo ^^ {l^ • ■ • ^ ^} such that 

for all A; G No and thus a''"'{xiga{xi-^) ■ ■ ■a''{xi^)) G 1/0;"+"'+^+^ (W^), whence 
1/ = lim a™(a;i(,a(a;ij---a^(xjj) = a'"(x) 

fc— >oo 

with X := hnife^oo a^iott(a^ji) ■ ■ ■ ct'^i^ik) eHn a^\W) (as H is closed). 

Step 3. By Step 2, we have a-'^i^H) n a""(Vr) = H r\ a"«(l^) for all 
m G No, whence 5 n «""(W^) = // n a""(W^). Thus (2) (and thus (a)) hold. 

(b) Let y C S* be a compact, open subgroup such that aiV) C V . Since 
H is open in V , we have K := a'^{V) C if for some n G N, and this is a 
subgroup with the desired properties. 

(c) Since a\s is an automorphism of S and H is open in S, the image 
a{H) is open in H and therefore has finite index if H is compact. □ 

Corollary 3.2 Let (G, a) be a totally disconnected contraction group. Then 
the following holds: 

(a) H1H2 is closed in G, for any closed subgroups Hi,H2 < G such that 
0-{Hi) C Hi, a{H2) C H2, and H2 normalizes Hi. 

(b) For both Vt = (a) < Aut(G') and Q = (Int(G') U {a}), the topological 
Q- group G has the closed product property. 

Proof, (a) By Proposition 3.1 (b), there exists a compact, open subgroup 
W 'O H2 such that «(W^) C W. Then W normalizes Hi, and thus H : = 
HiW is a subgroup of G. We have a{HiW) = a{Hi)a(W) C HiW, and 
furthermore HiW is closed in G because Hi is closed and W is compact [11, 
(4.4)]. Hence S := [J^^^^a~"-{H) is closed in G and H is open in S, by 
Proposition 3.1 (a). Since Hi C a'^{Hi) and H2 C IJ^gp^^ a~^(W), we have 



H1H2 C 5. As H C H1H2, the product H1H2 is an open subgroup of S and 
thus closed. 

(b) is a special case of (a). □ 

Having verified the closed product property, we obtain: 

Theorem 3.3 Let G be a totally disconnected, locally compact group, 
a G Aut(G) be contractive, and Q := (a) or Q := (Int(G') U {«})• Then G 
admits an Vt- composition series, and the Schreier Refinement Theorem and 
the Jordan- Holder Theorem hold in the form described in Proposition 2.4. 

Proof. The existence of an ^-composition series follows from Lemma 3.5 
below. The remainder holds by Proposition 2.4 and Corollary 3.2 (b). □ 

We complete the proof using a well-known fact (cf. [6, Proposition III. 13. 20]): 

Lemma 3.4 Let a be an automorphism of a locally compact group G and 
N be an a-stable closed normal subgroup of G. Let a be the automorphism 
induced by a on G/N =: Q. Then /S.g{o.) = Ajv(a;|7v) ■ Aqia). □ 

Lemma 3.5 Let (G, a) be a totally disconnected contraction group. Then the 
length of any (a) -series 1 = Go< ■ ■ ■ <Gn = G without repetitions is bounded 
by the number of prime factors of Acia^^) , counted with multiplicities. 

Proof. Let aj : Gj/Gj^i -^ Gj/Gj^i =: Qj be the contractive automor- 
phism of Qj induced by a. Then Ac{a''^) = AQ^{a^^)AQ2{a2^) ■ ■■ AQ„(a^^) 
by Lemma 3.4, where 1 < Ag(q;~^) G N for each j G {1, . . . , n}, by Proposi- 
tion 1.1 (e). The assertion is now immediate. □ 

For later use, we record another important consequence of Proposition 3.1. 

Corollary 3.6 Let {G,a) and {LI, 13) be totally disconnected, locally compact 
contraction groups and : G ^ LL be a continuous homomorphism such that 
(3 o (j) = (j) o a. Then 4>{G) is (3-stable, closed in H, and (p]'^^'-^' : G -^ 4'{G) 
is a quotient map. In particular, if is injective, then (p is a topological 
isomorphism onto its image. 

Proof. Let W^ < G be a compact open subgroup such that a(W) C W. 
Because (piW) is a compact subgroup of H with P{(f)(W)) = (f){a(W)) C 
(p(W), Proposition 3.1(a) shows that S := UnGN,, /^~"(*^(^)) ^^ ^ closed 
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subgroup of H which possesses (piW) as a compact, open subgroup. Since 
G = UneNo Q; "(W^) and o a = /3 o 0, we deduce that 0(G') = S. Because 
W^ C G is compact, (3\\y is a quotient morphism of topological groups and 
hence open. Since (f){W) is open in S, we deduce that also 01"^: G ^ S* is an 
open map, which completes the proof. □ 

Remark 3.7 Using Corollary 3.6, all standard facts concerning Remak de- 
compositions of finite groups, as formulated in [18, 3.3.1-3.3.10], can be 
adapted directly to totally disconnected contraction groups, notably the 
Krull-Remak-Schmidt Theorem. The corollary ensures that all homomor- 
phisms encountered in the classical proofs are continuous, and all isomor- 
phisms bicontinuous. 

4 Simple contraction groups are pro-discrete 

In this section, we show that every non-trivial contraction group {G, a) has 
a non-trivial a-stable closed normal subgroup S < G which is pro-discrete. 
Therefore every simple contraction group is pro-discrete. This information 
is essential for the proof of the classification. 

Proposition 4.1 Let {G,a) be a totally disconnected contraction group. 

(a) Then G has a largest closed normal a-stable subgroup S'°(G') := S 
possessing a compact, open, a-invariant subgroup which is normal in G. 
If G is non-trivial, then also S is non-trivial. 

(b) S can be obtained as follows: Let W < G be a compact, open subgroup 
such that a{W) C W , and N := ClxeG^^^'^ ^^ '^^^ core. Then N is 
an a-invariant closed normal subgroup of G and S = IJneN ct~"(^)- 

Proof. We may assume without loss of generality that G ^ 1. Let W < G 
and A^ be as in (b); then clearly A^ is closed, and it is the largest normal 
subgroup of G contained in W. Furthermore, a{N) = f]^^(jXa(W)x~^ C A^. 
Thus S := UneN Q;~"(^) is a closed normal subgroup of G possessing A^ 
as an open subgroup, by Proposition 3.1(a) and(d). li H < G is any a- 
stable closed normal subgroup of G possessing an a-invariant, compact, open 
subgroup K < H which is normal in G, then there is m G N such that 
a'^(K) C W and thus a^'i^K) C A^ (since a'^i^K) < G), entaihng that H = 
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UneNo*^ "(a™(-ft')) C UneNo*^ "'{N) = S. Thus, it only remains to prove 
that S j^ 1. We proceed in steps. 

4.2 For each n G Nq, the set Vn := Oxew •'^^"^(^)^~^ ^^ compact, and it is 
the largest subgroup of a^{W) which is normal in W. Since O := a"'{W) is 
open in W and normalizes a"'(W), we see that Vn = dxoew/o-'^^^^^)-^'^ ^^ 
open in W. For each A; G No, we have 

a'\Vn) = Pi xa''-\W)x-K (3) 

Since W C a^^'^W), we see that a~'^{Vn) is normalized by W, for each 

A;gNo. 

4.3 a^^{Vn) is a normal subgroup ofW, for all n G No and /c G {0,1, ... ,n}. 
Indeed, we have a''-''{W) C W and thus a-^(K) ^ VT, by (3). As W 
normalizes a~^{Vn), the assertion follows. 

4.4 a^^{Vn) ^ Vn holds, for each n G No. Otherwise a~''{Vn) C Vn and thus 

Vn C a\Vn), for all A; G No. (4) 

Because Vn 7^ 1, there exists an identity neighbourhood P C G which is 
a proper subset of Vn. Then a''{Vn) C P for large k, since a is compactly 
contractive. This contradicts (4). 

4.5 For each n G No, we have Un '.= a~"'(Ki) ^ q;(W^). Indeed, otherwise 
a-i(\4) = «"-!([/„) C a"(Vr) C W. Hence a-^(V;) is a subgroup of a"(Vr) 
which is normal in W (by 4.2). As V„ is the largest such subgroup (see 4.2), 
we have q;~^(Ki) C \/„. This contradicts 4.4. 

4.6 Since f/„ = ^^^^.^^y^-^xWx'^, where W^ C a-\W) C a^^^py) ^ ... 
and G = IJneNo (^'""(W), we see that Ui ^ U2 ^ ■ ■ ■ and 

Pi f/„ = Pi xW^a;-^ = AT . (5) 

ngNo xGG 

Since f/„ n (W^ \ a(W^)) ^ by 4.5, the set {f/„ n (W^ \ a{W)) : n G Nq} of 
compact sets has the finite intersection property, and thus Nn(W\a(W)) = 
n„gNo(^« n (VT \ a{W))) 7^ 0, showing that A^ 7^ 1 and hence also S j^ 1. 
This completes the proof. □ 

Note that S^IG) is pro-discrete, by Proposition 1.1 (f). We readily deduce: 

Corollary 4.7 Every simple, totally disconnected contraction group is pro- 
discrete. □ 
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5 Further technical tools 

In this section, we compile two technical lemmas, which will be used to 
prove the classification. The first of these provides information concerning 
the closed, normal, a-invariant subgroups of a simple contraction group. 

Lemma 5.1 Let {G,a) be a simple totally disconnected contraction group. 
If N<G is a closed normal subgroup such that a{N) C A^, then either N = 1 
or N is open in G. 

Proof. By Proposition 3.1(a) and(d), S := IJ^^gj^^ q;^'^(A^) is an a-stable, 
closed normal subgroup of G possessing A^ as an open subgroup. Since (G, a) 
is simple we either have S* = 1 or S* = C The assertion follows. □ 

The next lemma will be used later to identify those simple contraction groups 
which are abelian torsion groups. Here and in the following, two contraction 
groups (G, a) and (if, (3) are called isomorphic if there exists an isomorphism 
of topological groups (j): G ^> H such that /3 o = o a. 

Lemma 5.2 Let {G, a) be a simple totally disconnected contraction group. 
If there exists a non-trivial, finite, normal subgroup N < G, then {G, a) is 
isomorphic to _F(~^) xF^" with the right shift, for some finite, simple group F. 

Proof. Let F C A^ be a minimal non-trivial normal subgroup of G. For 
n G No, consider the map 

0„ : FiO'i'-'"} _^ Q ^ ^^^^ _ _ _ ^ a;^) ^_, a;ga(a;^) . . . a"(a;„) . 

We show by induction on n G No that 0„ is an injective homomorphism. This 
is trivial if n = 0. If 0„ is an injective homomorphism, then Fa{F) ■ ■ ■ q;"(F) 
is a normal subgroup of G, whence also its image A^ := a{F) ■ ■ ■ a"''^^{F) is a 
normal subgroup of G. Hence either Ffl A^ = 1 (entailing that indeed 0„+i is 
an injective homomorphism), or F fl A^ = F and thus F C A^, by minimality 
of F. If F C N, then ^-^(A^) = Fa{F) ■ ■ ■ a"(F) C Na{F) ■ ■ ■ a"(F) = A^ 
and thus a{N) = N, as N is finite. Hence a''{N) = N for each A; G N, 
contradicting the fact that a'^(A^) — *> 1 as a is compactly contractive. 

There is a compact, open, normal subgroup W<G such that q;(W^) C W, 
and a maximal number A; G Z such that F C a^(W). Then F fl a^^^(W) is 
a normal subgroup of G and a proper subset of F (by maximality of k) , and 
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thus F n a^^^{W) = 1 by minimality of F. Hence, after replacing W with 
a^iW), without loss of generality F CW and F fl a{W) = 1. We define 

0._pNo^^^ 0((x„)„gNo) := lim 0„(xo,. ..,Xn) ; 

n— >oo 

the limits exist because (f>n{xo, . . . , Xn)~^(pn+m{xo, . . . , a;„+m) G q;""'"^(W^) for 
all n, 772 G Nq. Each 0„ being a homomorphism, also is a homomorphism. 
Given m G Nq, the set Um '■= {(a;„)„gNo ^ F^° : a;„ = 1 for all n < m} 
is an identity neighbourhood in F^°, and (piUm) ^ q;™(W^). Therefore 
is continuous at 1 and hence continuous. Furthermore, is injective. 
To see this, let x = (a;„)„gNo ^ -^^" such that x j^ 1. There exists a 
smallest integer m G Nq such that x^ 7^ 1- Then 0(a;) = a"^{xm)y with 
1/ = lim„^oo«'"+H^m+i)---«'"+"(a:m+„) G a'^+'iW). If 0(a;) = 1, then 
^rn ~ '^~"^iy) G -^ n q;(W^) = 1 and thus x^ = 1, which is a contradiction. 
Thus 0(a;) 7^ 1, whence ker0 = 1 and is injective. The image i^ of is 
compact, and it is normal in G, being the closure of the normal subgroup 
IJ^gPsj^ im0„. Furthermore, a{K) C K and K ^ 1. Hence K is open in G, 
by Lemma 5.1. Set H := F^"^) x F^o, V := F^" C // and let a: i7 ^ i7 be 
the right shift. Then (^[V) C V and o o"|y = a o 0, by construction of 0. 
As a and o" are contractive automorphisms, [21, Proposition 2.2] shows that 
extends to a topological isomorphism H ^ G that intertwines a and a. □ 



6 Proof of the classification 

We are now in the position to prove the classification of the simple totally 
disconnected contraction groups described in Theorem A. 

Classification of the abelian simple contraction groups 

We first determine a system of representatives for the abelian simple con- 
traction groups. For a discussion of automorphisms of totally disconnected, 
locally compact abelian groups, see also [5]. 

Theorem 6.1 Let {G,a) be a simple totally disconnected contraction group 
which is abelian. Then G is locally pro-p for some prime p and {G, a) is either 
isomorphic to Gp x C^" with the right shift, or isomorphic to {Qi, (3) for 
some (i G N and a contractive Qp-linear automorphism l3: Qp ^ Qi which 
does not leave any proper non-trivial vector subspace invariant. 
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Proof. Let 1^ < G be a compact, open subgroup such that a{W) C W. 
Then W has a non-trivial p-Sylow subgroup Wp for some prime p. Since W 
is abehan, Wp is unique (cf. [23, Proposition 2.2.2(d)]). Since a(Wp) < W 
is a pro-p-group, we have a(Wp) C Wp (cf [23, Proposition 2.2.2(b)]). By 
Lemma 5.1, Wp is open in G. Hence G is locally pro-p, and we may assume 
that W = Wp. Then [W : a{W)] = p™ for some m G N. For each n e N, 
we write W^"^^ := {a;": x G W}. Since W^'f^^ is a closed, normal, a-invariant 
subgroup of G, either W^^^ = 1 or W^^^ is open in G, by Lemma 5.1. If 
14/ {p} = 1^ then W (and hence G) is a torsion group of exponent p, whence 
(G, a) is isomorphic to Q x C^ ", as a consequence of Lemma 5.2. If W^^^ 
is an open subgroup of G, then a'^{W) C 1^'fPj' for some n E N. Thus 

^,{pn 3 a'^^W) for all A; gN, (6) 

by induction: we have W^p'^'^ = (l^ip'})W D (a"^(l^))W = a"^(l^W) D 
a"'^(a"(Vr)) = a"('=+i)(Vr). Thus [Py : W^p'^ < [W : a"'^(l^)] = 
[W^ : a(W^)] ■ ■ ■ [a''''-\W) : a"^(W^)] = [Py : a(W^)]"^ = p"™'^ and so 

[1^ : W^P'^] < p''"''' for each keN. (7) 

Using [3, Theorem 3. 16], we deduce from (7) that the pro-p-group W has 
finite rank. Therefore G is a p-adic Lie group (see [3, Corollary 8.33]). Since 
G is an abelian Lie group, its Lie algebra L{G) is an abelian Lie algebra. 
Therefore the Campbell-Hausdorff multiplication coincides with the addition 
map L{G) x L{G) -^ L{G), and we find an exponential map (p: P ^ Q 
which is an isomorphism of topological groups from a compact, open additive 
subgroup P < L{G) onto a compact, open subgroup Q < G. Set P := 
L{a) : L{G) -^ L{G). After shrinking P and Q, we may assume that 

(j) o (3\u = a o (j)\jj (8) 

for some open subgroup U (^ P such that (3{U) C P. After shrinking U, we 
may assume that V := 0(f/) = a^(W) for some A^ G N. Since aiV) C V, 
we deduce from (8) that l3{U) C U. Hence o f3"'\u = a" o (f)\jj for each 
n E N, entailing that /3 is a contractive automorphism of L{G). Now (G, a) 
is equivalent to {L{G),I3) by [21, Proposition 2.2]. □ 

It remains to describe normal forms in the p-adic case. 
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Definition 6.2 Given a prime p, let Rp C Qp[X] be the set of all irreducible 
monic polynomials / whose roots in an algebraic closure Qp of Qp have 

absolute value < 1. For / = X'^ + ad-iX'^~^ -\ hoo G -Rp, we set Ef := Q"*, 

let ei, . . . , Crf G Q^ be the standard basis vectors and define «/ as the linear 
automorphism of Ef determined by Q;/(ej) = Cj+i for j G {1, . . . ,d — 1} and 

«/(ed) = -Eti«i-iei- 

Note that Rp has continuum cardinality, as {X — a: a G Qp, \a\ < 1} C Rp. 

Proposition 6.3 The family {Ef,af)f(zRp is a system of representatives for 
the isomorphism classes of the simple totally disconnected contraction groups 
(G, a) such that G is abelian, torsion-free, and locally pro-p. 

Proof. Abbreviate K := Qp and let K be an algebraic closure of Qp. Given 
{G, a) as described in the proposition, we may assume that G = E is a. 
finite-dimensional K-vector space and a a continuous linear map, by Propo- 
sition 6.1. We consider E as a K[X]-module via X.v := a{v) for v & E. Then 
E is irreducible and thus E = ]K[X]//]K[X] for a unique monic irreducible 
polynomial / G K[X] (cf. [12, §3.9, Exercise 2]). Given r > 0, let Er be the 
sum of all generalized eigenspaces of a ® K in £" ®k IK to eigenvalues A G K 
such that |A| = r. Then E = ^^^^Er, where Er := ErH E is a-stable (see 
[14, p. 81]), and thus E = Er for some r > 0, as {E, a) was assumed simple. 
There exists an ultrametric norm ||.|| on E = Er such that ||Q;(a;)|| = r||a;|| 
for each x E E (see [9]). Since a is contractive, it follows that r < 1 and thus 
f E Rp. Let d be the degree of /. With respect to the basis corresponding to 
X", . . . , X^~^, the automorphism a has the same matrix as «/ with respect 
to ei, . . . , Cd, and thus (G, a) is isomorphic to {Ef, af). 

Conversely, for each / G Rp, the K[X]-module Ef (with X.v := <yf{v)) 
is irreducible and uniquely determines / (cf. [12, §3.9]). By irreducibility, 
Ef = {Ef)r for some r > (with notation as before), where r < 1 by 
definition of Rp. As there exists an ultrametric norm ||.|| on Ef = {Ef)r 
such that ||Q;/(f)|| = T||f || for each v G Ef, we see that «/ is a contractive 
automorphism. To complete the proof, let A^ C i^j be a non-trivial, «/- 
stable closed additive subgroup. Then span^ (A^) is an a/-stable, non-trivial 
vector subspace of Ef and hence Ef = span^ (A^), by irreducibility. Since 
A^ is open in spauQ (A^) = Ef and af is contractive, we deduce that Ef = 
UneNo <^/"(^) — ^- Thus {Ef,af) is a simple contraction group. □ 

By the preceding proof, for each f E Rp all eigenvalues A of af in Qp have 
the same absolute value r := |A|. 
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Classification of the non-abelian simple contraction groups 

To classify the non-abelian simple contraction groups, we shall use a folklore 
lemma from group theory (the proof of which is recalled in Appendix A). 

Lemma 6.4 Let G be a group and Ni, . . . ,Nn be pairwise distinct normal 
subgroups of G such that G/N^ is a non-abelian simple group, for each 
k e {1, . . . , n}. Abbreviate D := NiH ■ ■ ■ n N^ and Dk := flj^fc ^j- Then 

d: G/D -^ G/Ni X • • ■ X G/Nn, xD ^ {xNi, . . .,xN^) 

is an isomorphism of groups which takes D^/D isomorphically onto G/N^, 
for each A; G {1, . . . , n}. □ 

Theorem 6.5 Let (G, a) be a simple totally disconnected contraction group. 
If G is non-abelian, then {G, a) is isomorphic to F'^^^^ x F^" with the right 
shift for a non-abelian, finite simple group F. 

Proof. We let W^ < G be a compact, open, normal subgroup such that 
c^(W^) ^ W. As G is non-abelian, there are g,h & G such that ghg~^h~^ ^ 1. 
After applying a suitable power of a two both elements, we may assume that 
h G W. There is m G N such that ghg^^h^^ ^ a"^{W). As a consequence, 
g ^ ker for the homomorphism 

(P-.G^ AutiW/a'^iW)) , (l){x){wa"'{W)) := xwx-^a'^iW) . 

Since a"^{W) C ker0, we deduce that N := ker0 is a proper, open, normal 
subgroup of G. The group Aut(W/a"^{W)) being finite, N has finite index 
in G. Consequently, there exists a maximal proper normal subgroup M of G 
such that A^ C M. Then M is open, and F := G/M is a finite simple group. 
The closure [G, G] of the commutator subgroup is a non-trivial, a-stable 
closed normal subgroup of G and thus [G, G] = G, by simplicity. Hence 
[F, F] = F and thus F is non-abelian. Next, we observe that 

f]a\M) = l, (9) 

feez 

because this intersection is an a-stable, closed, normal, proper subgroup 
of G and {G,a) is simple. Here a'^(M) is a normal subgroup of G such 
that G/q'^{M) = G/M = F is a non-abelian, simple group. If ki ^ k2, 
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say k2 > h, then a''^{M) ^ a''^{M) because otherwise a''^~''^{M) = M, 
entaihng that f]j^^j^a'^{M) = HfeL^ ^^ a^(M) is open as a finite intersection 
of open sets, which is absurd. Let ip: G ^ G/M = F he the quotient 
homomorphism and set i/^k '■= 'ip ° Oi~^ for A; G Z. Since ker-i/'fc = a^{M), in 
view of the properties just estabhshed Lemma 6.4 shows that the map 

is surjective, for all n,m E 'Z such that n < m. Given x E G, there is ko E 1^ 
such that a; G q;^(M) for all A; < k^. We can therefore define a homomorphism 



r] := (^fc).«: G ^ F(-^) X F^« , 77(0:) := (^,(x)) 



feez • 



We let 0" be the right shift on F^~^'> x F^" =: if. Then aor] = r]oahj 
construction of r^. To complete the proof, we show that 77 is an isomorphism of 
topological groups. First, tj is injective, because ker?7 = 1 by (9). Since G = 
Unez C(~"'(W) as an ascending union, there is n G Z such that a~"'(W) ^ M. 
On the other hand, a^{W) C M for large k since a is compactly contractive. 
Hence n can be chosen minimal. As a consequence, W C keripf^ for all A; < n 
while W 2 ker-i/'fc for all k > n. Thus 77(1^) C iT^i^-'^+i.---}^ Since ii^ induces 
the product topology on i^{"'"^+i'---}^ we see that 9 := 'r]\w i^ continuous and 
hence also 1]. Let m > n. Because W is normal in G and ^n,m '■ G -^ p{^'-->^} 
is surjective, the image iJn,m{W) is a normal subgroup of the product Fi"'---'™} 
of non-abelian simple groups. By Remak's Theorem [18, 3.3.12], ipn,m{W) = 
F'^ for a subset J C {n, . . . , m}. Since ipk{W) 7^ 1 for each k G {n, . . . , m}, 
we see that J = {n, . . . , m} and thus ^n,m{W) = F'^"'---'™^. As a consequence, 
6 has dense image. Now 6{W) being also compact and thus closed, we deduce 
that r]{W) = 9(W) = i^i^'^+i'---}. Hence r] has open image, and since 4'n,m 
is surjective for all n,m E 7^ such that n < m, we see that tj^G) is dense 
in H and hence equal to H. Because r]\w is a homeomorphism onto its open 
image, 7] is an isomorphism of topological groups. □ 



Remark 6.6 The finite group F in Theorem 6.5 is uniquely determined up 
to isomorphism. To see this, note that every compact, open, normal subgroup 
W C F(-^) X F^o such that a{W) C ly is of the form W = f{"'"+1'-> for 
some n G Z, and W/a{W) ^ F. 
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7 Canonical a-stable series 

We now describe how a series 1 = S^{G) <Sf{G)<---< S^{G) = G of a- 
stable closed normal subgroups can be associated to each totally disconnected 
contraction group (G, a) in a canonical way. This series will serve as a 
technical tool in the proof of the Structure Theorem (Theorem B). It can 
also be used to see that (Int(G') U {a})-composition factors are pro-discrete 
(Proposition 7.3). 

Definition 7.1 Let G be a totally disconnected, locally compact group and 
a: G -^ G be a contractive automorphism. We define Sq{G) := 1 and 
Sf{G) := S°'{G) (as in Proposition 4.1 (a)). Inductively, having defined the 
a-stable closed normal subgroup Sj'_i{G) < G, we set Qj := G / Sj'_i{G) , let 
Qj-. G -^ Qj be the quotient map and set S"{G) := qJ^{S"^{Qj)), where 
aj : Qj -^ Qj is the contractive automorphism determined by aj o qj = 
Qj o a. By Lemma 3.5, the series Sq{G) < 5'"(G) < ■ ■ ■ becomes stationary. 
Thus, there is a smallest n E Nq such that S'^^-^^{G) = S'"(G). We call 
1 = Sq{G) < Si{G) < ■ ■ ■ < iS'°(G) = G the canonical a-stable series of G. 

Let us call an (Int(G)U{Q;})-series 1 = Gq<Gi<- ■ ■<G„ = G special if Gi/Gi-i 
has a compact, open subgroup which is normal in G/Gi-i and invariant 
under the automorphism of G/Gi-i induced by a, for each i G {1, . . . ,n}. 
The following proposition compiles various useful properties of the canonical 
a-stable series. In particular, it is special and ascends faster than any other 
special (Int(G) U {a})-series. 

Proposition 7.2 Let (G, a) be a totally disconnected contraction group and 
Q := (Int(G) U {a}). Then the following holds: 

(a) The canonical a-stable series 1 = Sq{G) < Sfi^G) < ■ ■ ■ < 5'^(G) = G is 
a special Q-series without repetitions. 

(b) S'j {G) / S'j_i{G) is a pro-discrete, closed normal subgroup of Qj := 
G/Sf^^{G), for each] G {!,..., n}. 

(c) // 1 = Go < Gi < ■ ■ ■ < Gm = G is any special Q-series, then m > n and 
Gj C sf{G) for each j G {0, . . . , n}. 

(d) If(3e Aut(G) such that f3oa = aof3, then f3{Sf{G)) = Sf{G) for all 
J G{0,...,n}. 



Proof, (a) and (b): By construction, each 5'"(G) is an a-stable, closed 
normal subgroup of G and hence an i7-subgroup. If G 7^ 1, then S'^iG) 7^ 1 
by Proposition 4.1 (a) and thus 1 = S^{G) C ^f (G). Likewise ^"^(Qj) ^ 1 
for ] e {!,..., n} and hence Sf_^{G) C qj^ {S'^i {Q j)) = Sf{G), using the 
notation of the preceding definition. Therefore no repetitions occur. By 
Proposition 4.1 (a), S'"(G)/S'°Li(G) = S^^{Qj) has an aj-invariant, compact, 
open subgroup Wj which is normal in Qj. Hence the canonical a-stable series 
is a special r2-series. In particular, Wj is a compact, open, normal subgroup 
of S'^{G)/Sf_^{G) = S^^iQj), and hence Sf{G)/Sf_^{G) is pro-discrete by 
Proposition 1.1 (f). 

(c) We show by induction on i G {0, . . . , n} that m > i and Gi C Sf{G). 
For i = 0, this is clear. Now assume that i G {0, . . . ,n}, m > i — 1, and 
Gi-i C S'°L|(G). Since S'j^_i{G) is a proper subset of G, by the preceding 
so is Gj_i and hence m > i. By hypothesis, there exists a compact, open 
subgroup K C Gi/Gi-i which is normal in G/Gj_i and invariant under the 
automorphism of G/Gi_i induced by a. The continuous homomorphism 
q: G/Gj_i -^ G/S^_^{G), xGi^i \-^ a;S'°L]^(G) intertwines a and the con- 
tractive automorphism a' of G / S1_^{G) induced by a. As a consequence of 
Corollary 3.6, q{Gi/Gi-i) is a closed, a'-stable normal subgroup of G/Sf_i{G) 
which has q{K) as an open subgroup. Since q{K) is normal in G/Sf_i{G) and 
a'-invariant. Proposition 4.1 (a) shows that q{Gi/Gi^i) C S^ {G / Sf_i{G)) = 
Sf{G)/Sf_^{G). Therefore GiS^^^{G) C S^{G) and thus Gi C Sf{G). 

(d) If /? G Aut(G) commutes with a, then /3(S'"(G)) is an a-stable closed 
normal subgroup of G containing an a-invariant, compact open subgroup 
which is normal in G, and thus P{S^{G)) C S^{G). Likewise, p-\S^{G)) C 
S^iG), and thus /3(S'"(G)) = S'°(G). The same argument can be applied 
to Qj = G / S'^_^{G) and its automorphisms Uj and I3j induced by a and /3; 
hence a simple induction yields the assertion. D 

We know from Corollary 4.7 that composition factors of (Q;)-composition 
series are pro-discrete. As a first application of the canonical a-stable series, 
we now show that also (Int(G) U {Q;})-composition factors are pro-discrete. 

Proposition 7.3 Let (G, a) he a totally disconnected contraction group and 
VL := (Int(G) U {«}) . Then the factors of each Vt- composition series of (G, a) 
are pro-discrete. Furthermore, (G, a) has an Vt- composition series which is 
a special Vt-series. 
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Proof. Since all ^-composition series are equivalent by the Jordan-Holder 
Theorem (Theorem 3.3), to prove the first assertion it suffices to consider an 
^-composition series 1 = Hq < Hi < ■ ■ ■ < Hm = G which has been obtained 
by refining the canonical a-stable series of G (this is possible by the Schreier 
Refinement Theorem). Let i G {!,..., m}. Then i G {k + 1, . . . ,k + i} 
for some k G {0, . . . , m — 1} and i G {1, . . . ,m — k} such that, for some 
j G {l,...,n}, Hk = Sf_^{G) and Hk+e = Sf{G). By Proposition 7.2(a), 
Hk+e/Hk = 3°" (G) / S^_i{G) has a compact, open subgroup W/Hk which is 
normal in G/ Hk and invariant under the automorphism of G/Hk induced 
by a. Now standard arguments show that (W D Hi) / Hi^i is a compact, open 
subgroup of Hi/Hi_i which is normal in G/Hi_i and invariant under the 
automorphism of H^/ Hi_i induced by a. □ 



8 Proof of the Structure Theorem 

We now outline the main steps of the proof of the Structure Theorem 
(Theorem B from the Introduction). The details of Steps 2 to 4 will be 
given in Sections 9 to 11. 

Throughout the following, (G, a) is a totally disconnected, locally compact 
contraction group (unless we state the contrary). Furthermore, 

1 = Gq < ■■■ < Gn = G (10) 

is an (a)-composition series for G. By the classification, each factor Gj/Gj^i 
is pro-discrete and is isomorphic to either (a) (Q^, +) for some prime p and 
some (i G N; or to (b) a restricted product over Z of copies of a finite simple 
group. In case (a), Gj/Gj-i is infinitely divisible and torsion-free. In case (b), 
Gj/Gj^i is a torsion group of finite exponent. 

It is useful to consider the special cases first where either all (Q;)-composition 
factors are torsion groups, or all of them are torsion-free. 

Step 1. The case when all composition factors are torsion groups. 

If each of the factors Gj/Gj^i is a torsion group of finite exponent, then also 
G is a torsion group of finite exponent, as a special case of the following 
lemma (the proof of which is based on obvious inductive arguments): 



20 



Lemma 8.1 Let 1 = Go<Gi< ■ ■ ■ < Gn = G be a series of groups. 

(a) If Gj/Gj^i is a torsion group for each j G {l,...,n}, then G is a 
torsion group. If Gj/Gj^i is a torsion group of exponent irij for each 
j G {l,...,n}, then G is a torsion group of finite exponent which 
divides mi ■ . . . ■ irin. 

(b) IfGj/Gj^i is torsion-free for j = k, . . . ,n, then tor(G') = tor(G'A;_i). □ 

The next lemma implies that the exponent of a torsion factor Gj/Gj^i 
divides the module of the automorphism induced by a~^ on Gj/Gj-i. This 
information will be useful later. 

Lemma 8.2 Let F be a finite group, H := F^~'^^ x F^" and a be the right 
shift on H . Then Anio-^^) = \F\. 

Proof. For the compact open subgroup W := F^ of H, we have (J~^(W) = 
F^« and AH(ff"^) = X{a-\W)) / \{W) = [a-\W) : W] = \F\. D 

Step 2. The special case of torsion-free composition factors. 

The following proposition (proved in Section 9) describes the structure of 
contraction groups all of whose composition factors are torsion-free. 

Proposition 8.3 Let (G, a) be a totally disconnected contraction group pos- 
sessing an (a) -composition series 1 = Go< ■ ■ ■ < Gn = G such that Gj/Gj-i 
is torsion-free, for each j G {1, . . . , n}. Then G is an internal direct product 
G = Gp^ X ■ ■ ■ X Gp^ of certain nilpotent p-adic Lie groups Gp. Each Gp is 
topologically fully invariant in G {and hence a-stable). 

In the situation of Proposition 8.3, G is infinitely divisible and torsion-free, 
as a consequence of the next lemma. 

Lemma 8.4 Let G be a p-adic Lie group admitting a contractive automor- 
phism a. Then G is infinitely divisible and torsion-free. 

Proof. Let exp : V —^ U he an exponential map of G, which is a diffeomor- 
phism from an open Zp-submodule V C L{G) onto an open subgroup U < G. 
Then each x ^ 1 in U has the form x = exp(X) for some X 7^ in V. For 
each n G N, we then have x" = exp(nX) 7^ 1, showing that U is torsion-free 
and hence also G = IJ^eN <^~'^(f^)- Furthermore, {x"". x G U} = exp{nV) 
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is an identity neighbourhood in G consisting of elements possessing an n-th 

fceNo ' 



root. Hence every element of G = IJfceN ^ ^(exp(nV)) has an n-th root. □ 



Step 3. The set of torsion elements is a subgroup. 

If one of the composition factors in (10) is torsion, then it may be assumed 
that G has torsion elements and that Gi is torsion (see Section 10). As a 
consequence, it may always be supposed that torsion factors appear first in 
the composition series: 

Lemma 8.5 Each totally disconnected contraction group {G, a) admits an 
{a) -composition series 1 = Gq < ■ ■ ■ < Gn = G such that, for suitable 
k G {0, . . . , n}, the factors Gj/Gj-i are torsion groups for j G {1, . . . ,k} 
and all other factors are torsion-free. Then tor(G') = Gk is a subgroup of G. 

The proof of Lemma 8.5 uses the following result. 

Lemma 8.6 If 1 = Gq < ■ ■ ■ < Gk is an {a) -composition series for Gk with 
Gi/Gi-i a torsion group for i E {I, . . . ,j} and Gi/Gi-i a torsion-free group 
for i G {j + 1, . . . , A;}, then Gj = tor(G'fc) is a characteristic subgroup of Gk 
and Gk/Gj is torsion-free. 

Proof. Lemma 8.1 (a) and (b) show that Gj is a torsion group and tor(G'fc) = 
tor(G'j) = Gj. Thus Gj is a characteristic subgroup of Gk. By Proposition 8.3 
and Lemma 8.4, Gk/Gj is torsion-free. □ 

Now Lemma 8.5 readily follows: If n = or if all factors Gj/Gj^i are torsion- 
free, or if all factors are torsion, there is nothing to show. Now assume 
that n is arbitrary and that G has torsion elements but is not a torsion 
group. By Lemma 10.1, we may assume that Gi/Gq is torsion, whence there 
exist k,m G {l,...,n} with m > k such that Gj/Gj-i is torsion for all 
j G {1, . . . ,k} while Gj/Gj-i is torsion-free for j G {/c + 1, . . . , m} and m 
cannot be increased. We assume that the (Q;)-composition series has been 
chosen such that k is maximal. Then Gk = tor(G'm) by Lemma 8.1. lim = n, 
there is nothing more to show. Otherwise, Gm+i/Gm is a torsion group and 
since Gk = tor(Gm) is characteristic in Gm, we deduce that Gk is normal 
in Gm+i- Now the torsion factor in the composition series of Gm+i/Gk can 
be moved to the bottom, and hence Gk+i/Gk can be replaced by a torsion 
factor, contradicting the maximality of k. □ 
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Step 4. Definition of a complementary subgroup D. 

We now choose the (a)-composition series (10) as described in Lemma 8.5. 
Thus Gj/Gj^i is torsion for j G {1, . . . , A;} while Gj/Gj^i is torsion-free and 
infinitely divisible for j G {/c + l,...,n}. Then T := tor(G') = Gfe is a 
characteristic (and hence a-stable) subgroup of G. 

Lemma 8.7 Put t^ := /^rid^^'W) ■ Then x*" = 1 for all x eT. 

Proof. Consider the (Q;)-series 1 = Go<Gi<- ■ ■<Gk = T. For j G {!,..., k}, 
let aj be the automorphism induced by a on Qj := Gj/Gj^i and put tj : = 
Aq^(q;~^). Then ta = ti- • -tk (see proof of Lemma 3.5). Furthermore, Qj is 
a torsion group of exponent dividing tj (cf. Lemma 8.2). Thus T is a torsion 
group of finite exponent that divides t^, by Lemma 8.1 (a). □ 



Define D := (a;*« | a; G G). Then D is a closed, topologically characteristic 
(and hence a-stable) subgroup of G. We record an essential property of D: 

Lemma 8.8 The map (p: D ^ G/T, (f){x) := xT is surjective. 

Proof. Let yT be in G/T, where y E G. Since, by Lemma 8.4, G/T 
is infinitely divisible, there is xT G G/T such that yT = {xTY". Then 
yT = x^"T belongs to the range of 0. □ 

The following lemma (established in Section 11) completes the proof of the 
first half of the Structure Theorem: 

Lemma 8.9 D is an infinitely divisible group, D = div(G'), and G = T x D. 

Now also the second half of the Structure Theorem readily follows: Since 
D r\T = {1}, the group D is torsion-free. Hence all composition factors of 
D are torsion-free (see Section 10) and therefore D = Gp^ x ■ ■ • x Gp^ is an 
internal direct product of a-stable p-adic Lie groups Gp, by Proposition 8.3. 



9 The case of torsion-free factors 

In this section, we prove Proposition 8.3, thus completing Step 2 of Section 8. 
The proof is based on the following lemma. 

Lemma 9.1 Let N be a closed normal subgroup of a topological group G and 
Q := G/N. 

23 



a 



// A^ and Q are p-adic Lie groups, then G is a p-adic Lie group. 



(b) If Q is a q-adic Lie group and N an internal direct product N = 
Ylp^pNp of p-adic Lie groups Np, where p is a finite set of primes, 
then G has an open subgroup U that is an internal direct product 
U = ripepulg} Up of p-adic Lie groups Up. 

(c) // A^ is a-stable for a contractive automorphism a of G in the situation 
of (h), then G is an internal direct product G = ripepulqi ^p of a-stable 
p-adic Lie groups Gp. 

Proof, (a) G is locally compact by [11, (5.25)] and totally disconnected, 
whence it has a compact open subgroup U . Then N CiU and U/{N n U) = 
UN/N C G/N are p-adic Lie groups, and after shrinking U both of these 
groups are pro-p-groups of finite rank (by [3, Corollary 8.33] and [23, Propo- 
sition 8.1.1 (a)]). By [3, Proposition 1.11 (ii)] and [23, Proposition 8.1.1 (b)], 
also f/ is a pro-p-group of finite rank and thus G is a p-adic Lie group by [3, 
Corollary 8.33]. 

(b) We may assume that q & p (otherwise, define Ng := 1). For each 
p G p, we let Ip C A^p be an open subgroup which is a pro-p-group (see [3, 
Corollary 8.33]). Let f/ C G be a compact, open subgroup such that UCiN C 
ripep ^p ^^^ ^^'^'^ ^^^^ ^(^) is ^ pro-g-group, where n: G ^' Q is the quotient 
map. It readily follows from [23, Proposition 2.4.3] that UnN = Hp^^iUnVp) 
(see [8, Proposition 2.2]); hence U H N = Hpep ^p without loss of generality. 
Being the unique p-Sylow subgroup, Vp is topologically characteristic in the 
normal subgroup UCiN oi U, and hence V^ is a normal subgroup of U. Given 
P ^ P\ {Q'}) Ist Up be a p-Sylow subgroup of U. Then if (Up) = 1 and thus 
Up C UnN, entailing that Up = Vp is a p-adic Lie group and a normal 
subgroup of U. Hence M := Y[p=i„ Up is a normal subgroup of U. Let Ug be a 
g-Sylow subgroup of U containing Vg (see [23, Proposition 2.2.2(c)]). Then 
M n f/g = 1 and MUg is a subgroup of U. By [23, Proposition 2.2.3 (b)], 
rci^MUg) = 7r(f/g) is a g-Sylow subgroup of n{U) and thus Ti{MUg) = ^{U). 
As MUg is saturated under U H N = MVg, we deduce that U = MUg. Thus 
U = My\Ug. For p ^ q, the conjugation action of Ug on Up gives rise to 
a continuous homomorphism 0p: Ug -^ Aut(?7p), where Aut(f/p) is equipped 
with the compact-open topology (cf. [4, Theorem 3.4.1]). Like every compact 
p-adic Lie group. Up is topologically finitely generated. Hence Aut(f/p) has 
an open subgroup Op which is a pro-p-group (see [3, Theorem 5.6] and [17, 
Theorem 4.4.2]). Since every continuous homomorphism from a pro-g-group 
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to a pro-p-group is trivial, we deduce that <pp^{Op) C ker0p. Hence Wg : = 
Clp^q^p^i^p) is an open subgroup of Ug. After replacing U with its open 
subgroup MWg and Ug with Wg, we may assume that Ug centralizes Up for 
each p ^ q. Thus U = M x Ug = ripGp^p ^^ ^^ internal direct product. 
It only remains to observe that Ug is a g-adic Lie group by (a), because 
7r(f/g) = 7r(f/) and N H Ug = Vg are g-adic Lie groups. 

(c) Without loss of generality q E p. By (b), G has a compact open 
subgroup U which is a direct product U = Ylpep ^p '^^ p-adic Lie groups. 
After shrinking U , we may assume that each Up is a pro-p-group and hence 
topologically fully invariant in U (being its unique p-Sylow subgroup). There 
exists a compact, open subgroup W < G such that W C U and a(W) C W. 
Then W = n»gp(^ ^ ^p)'^ after replacing U with W , we may assume that 
a{U) C U and thus a{Up) C Up for each p G p. By Proposition 3.1 (a), 
Gp •= UfceN,) <^~'^(f^p) is an a-stable closed subgroup of G which has Up 
as an open subgroup. Hence Gp is a p-adic Lie group. Let pi, . . . ,pr be 
the distinct elements of p and consider the product map ip : Ylpep ^p ^ ^' 
(xp^, . . . , Xp^) I— s> Xp^ ■ ■ -Xp^. Then /5 := alcpi x ■ ■ ■ x a\cp^ is a contractive 
automorphism of Ylpep ^p ^^^ ^ intertwines f3 and a, 

a o ip = i/j o p . (11) 

We now use that ip induces a bijection from Ylpep ^p '-"^^^ ^- Since -i/; is an 

injective homomorphism on Ylpep ^p ^nd UfegNo f^~'' (Ylpep ^p) = Upep <^P' ^e 
deduce from (11) that ip is injective and a homomorphism. Hence Gp<G for 
each p. Since U C im(-?/') and UfceNo*^ '^(^) ~ ^' using (11) we see that ip 
is also surjective. Hence ip is an isomorphism. □ 

Proof of Proposition 8.3. Each composition factor Gj/Gj^i being ap-adic 
Lie group for some prime p by Theorem A, a straightforward induction on n 
based on Part (c) of Lemma 9.1 shows that G is an internal direct product 
G = Gp^ X ■ ■ ■ X Gp^ of certain a-stable subgroups Gp which are p-adic Lie 
groups. Each Gp has an open pro-p subgroup Up] then a~^{Up) also is a 
pro-p-group for each A; G N, and Gp = UfceNo ^~''i^p)- Since, for p j^ q, each 
continuous homomorphism from a pro-p-group to a pro-g-group is trivial, we 
deduce that each endomorphism of the topological group G takes Gp to Gp. 
Thus Gp is topologically fully invariant. To complete the proof, we recall 
from [21, Theorem 3.5 (ii)] that every p-adic contraction group is a unipotent 
p-adic algebraic group and hence nilpotent. □ 
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10 Shifting torsion factors to the bottom 

In this section, we prove the following lemma, which completes the details of 
Step 3 in Section 8. 

Lemma 10.1 Let {G,a) be a totally disconnected contraction group such 
that at least one (a) -composition factor of G is a torsion group. Then G has 
an (a) -composition series (10) such that Gi is a torsion group. In particular, 
G has non-trivial torsion elements. 

Proof. If the lemma was false, we could find a counterexample with an 
(Q;)-composition series of minimal length n > 2. By minimality, for each 
(a;)-composition series 1 = Gq < ■ ■ ■ < Gn = G, the factors Gj/Gj-i have 
to be torsion-free for all j G {!,..., n — 1}, while Gn/Gn-i is a torsion 
group. By Proposition 8.3, Gn-i = Hp^ x ■ ■ ■ x Hp^ is a direct product 
of certain topologically characteristic (and hence a-stable) nilpotent p-adic 
Lie groups Hp ^ {!}. If r > 2, then K := Hp^ x ■ ■ ■ x Hp^ is topologically 
characteristic in Gn-i and hence normal in Gn- We may assume that K = Gj 
for some j G {1, . . . , n — 2}. Because Q := G/K has a properly shorter (a)- 
composition series than G, it has an (Q;)-composition series starting in a 
torsion factor and thus also Gj^i/Gj can be chosen as a torsion group, which 
is a contradiction. Thus Gn-i is a nilpotent p-adic Lie group for some p. The 
closed commutator subgroup G of Gn-i being topologically characteristic in 
Gn~i, arguing as before we reach a contradiction unless G = 1. Hence Gn-i 
is an abelian p-adic Lie group. The next two lemmas will help us to reach a 
final contradiction. 

Lemma 10.2 Let (G, a) be a totally disconnected contraction group and 
N<G be an a-stable closed normal subgroup. If G/N is a torsion group 
and N an abelian p-adic Lie group, then N is contained in the centre of G. 

Proof. As in the proof of Proposition 6.1, we see that A^ = Q^ for some 
d eN. Hence Aut(A^) = GLd{Qp) is a p-adic Lie group (when equipped with 
the compact-open topology). Therefore Aut(A^) has a torsion-free open sub- 
group W. Since A^ is abelian, a homomorphism of groups can be defined via 

0: G/N -^ Aut{N) , (l){xN){y) := xyx-^ . 

To see that is continuous, let f/ < G be a compact, open subgroup; then 
V := UN/N is a compact, open subgroup oi Q := G/N and we only need 
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to show that is continuous on V. By [23, Proposition 1.3.3], there exists a 
continuous section a: V —^ U to the quotient morphism U —^ V, x ^-^ xN of 
pro-finite groups. Then the map 

V X N ^ N , {x,y) \-^ (f){x){y) = a{x)ya-{x)~^ 

is continuous and hence so is (f)\v'- V -^ Aut(A^) (cf. [4, Theorem 3.4.1]). Now 
being continuous, (f)~^(W) is an identity neighbourhood in Q. Since Q is a 
torsion group and W is torsion-free, we must have (f)^^{W) C ker0 and thus 
ker is open. Let a be the contractive automorphism of Q induced by a. 
Given xN G ker0, we have (f){d~^{xN)){a~^{y)) = a~^ {x)a~^ {y)a~^{x~^) = 
a~^{(f){xN){y)) = a~^{y) for each y E N, and thus a~^{xN) G ker0. Hence 
Q = UfceNo <S^'^(ker 0) = ker 0. As a consequence, xyx~^ = (f){xN){y) = y for 
each X eG and thus N C Z{G). □ 



Lemma 10.3 Let {G, a) be a totally disconnected contraction group, A C G 
be a central, a-stable closed subgroup and q: G ^ Q be a quotient morphism 
with kernel A. Assume that A = Qf and Q = F^"^) x F^" with the right 
shift a, for a finite group F . Then tor(G) is a subgroup of G, and G = 
A X tor(G) internally as a topological group. 

Proof. Without loss of generahty Q = F^^^) x F^«. We set Fk := F^-'='-''=> 
for k & N, Gk '■= q~^{Fk), and consider A as an F^-module with the trivial 
action. For each n G N, the n-th cohomology group H"'{Fk,A) with co- 
efficients in A (as in [13, §6.9]) is a Qp- vector space in a natural way and 
hence a torsion-free group. On the other hand, Fj. being finite, H'^{Fk, A) 
is a torsion group by [13, Theorem 6.14]. Hence H"'[Fk,A) = {0} for each 
n ^N and thus H'^{Fk,A) = {0} in particular, entailing that the extension 
A ^' Gk ^ Fk splits and thus Gk = A x Sk internally for some subgroup 
Sk ^ Gk (cf. [13, Theorem 6.15]). Since A is torsion-free and Sk — Fk a. 
torsion group, we deduce that Sk = tor(G'fc). In particular, Sk is uniquely 
determined and Sk = toi{Gk) C tor(G'fe+i) = Sk+i, whence Soo ■= [Jkm^i^ 
and its closure S := 6*00 are subgroups of G. Each 5*^ = Fk being a torsion 
group of exponent dividing |F|, also 6*00 and its closure S are torsion groups 
of exponent dividing |F| and thus S (1 A = 1, because A is torsion- free. 

From q{a{Gk)) = o-{q(Gk)) = o-{Fk) C Fk+i we deduce that a{Gk) ^ 
Gk+i and thus a{Sk) = a{toT{Gk)) C tor(G'fc+i) = Sk+i, entailing that 
tt(5'oo) ^ 'S'oo- Likewise, a~^{Soo) ^ 5*00, whence q;(5'oo) = 5*00 and a{S) = S. 
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By Corollary 3.6, q{S) is closed in Q. Since q{S) 3 q(Soo) = UngN -^« ~ F^'^\ 
where F*-^-* is dense in Q, we see that q{S) = Q. Hence G = Ax S internally 
as a group and hence also as a topological group (cf. Corollary 3.6). Since A 
is torsion-free and S = Q a torsion group, S = tor(G') follows. □ 

Proof of Lemma 10.1, completed. Since Gn/Gn-i is a torsion group, and is a 
factor of an (a)-composition series, it is isomorphic to a restricted product of 
copies of a finite group. Lemmas 10.2 and 10.3 show that G„ has a closed sub- 
group isomorphic to this restricted product. This subgroup is characteristic 
in Gn and can be chosen as Gi. We have reached a contradiction. □ 

11 Proof that D has the desired properties 

In this section, we prove Lemma 8.9, thus completing the details of Step 4 
from Section 8. 

To prove Lemma 8.9, we use induction on the length of the canonical a- 
stable series of G; the induction starts because the case G = 1 is trivial. 
For general G, let S := 5'"(G) be the first term in the canonical series 
for G. Then G/S has a shorter canonical series and so, by the inductive 
hypothesis, G/S = T x D, where T is the torsion subgroup of G/S and D := 
(x*° : X G G/S) is an infinitely divisible subgroup, where ta is the module of 
the automorphism of T induced by a~^. Let q: G ^ G/S be the quotient 
map. Then T C q~^{T). 

By Proposition 4.1 (a), there is a compact, open subgroup N < S such 
that N <G, a{N) C A^ and S = [J-^^a^^{N). Since a is an automorphism, 
a^{N) < G for every j G N. Consider, for each j G N, the finite group 
N/a^{N) and define a homomorphism 



^j 



,: G ^ Aut(A^/a^'(iV)) by 0j(x): ya^{N) ^ xyx-^a^{N) for yeN. 



Then ker(0j) is a finite index normal subgroup of G for each j and so there 
is a positive integer, dj, such that x^^ G ker(0j) for every x G G. Since a 
is an automorphism, we have that x'^^ G Q;^(ker(0j)) for every x E G and 
£ G Z. Define Mj := f]^g^Q;^(ker(0j)). Then Mj is a closed a-stable normal 
subgroup of G for each j. 

It is clear that ker(0j_|_i) C ker(0j) for each j. Hence (Mj)jgN is a decreas- 
ing sequence of closed a-stable normal subgroups of G. As AMj+i(tt~"'^|Mj+i) 
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is a positive integer strictly less than Am{o:^^\m) if ^j+i is a proper nor- 
mal subgroup of Mj (by Proposition 1.1 (e) and Lemma 3.4), this sequence 
eventually stabilizes. Thus there is a J such that Mj = Mj for all j > J. 

Lemma 11.1 Mj is equal to the centralizer of S . 

Proof. It is clear from the definition of Mj that the centralizer of S* is a 
subgroup of Mj for every j. 

For the converse, let s E S. By the definition of N, there is an £ G Z such 
that s G a^{N). If a; G Mj, then for every j > J we have xsx~^a^~^^{N) = 
sa^^^{N). Since {^j>jOi^^^{N) = 1 (because a is compactly contractive), it 
follows that xsx^^ = s. □ 

The subgroup Mj is not trivial if G has a torsion-free composition factor. 

Lemma 11.2 The map (p: D (1 Mj -^ G/T, (f){x) := xT is surjective. 

Proof. Let d be the least common multiple of ta (from Lemma 8.7) and dj. 
Exploiting that x'' G -D fl Mj for every a; G G, we can repeat the argument 
used to prove Lemma 8.8. □ 

The kernel of the homomorphism in Lemma 11.2 is equal to DCi Mj fl T and 
so there is an exact sequence 

1 ^ DnMjHT ^ DnMj ^ G/T -^ 1 . (12) 



Recalling that D is defined to be Z^ = (x*" \ x E G) and similarly for D, the 
following lemma implies that q{D) C D. Hence q{D nT)CZ)nT = l and 
thus D r\T C S, whence D fl Mj fl T is contained in the centre of L* fl Mj, 
by Lemma 11.1. Thus, (12) is a central extension. 

Lemma 11.3 ta divides ta- 

Proof. By the proof of Lemma 8.7, t^ is the product of the modules of 
the automorphisms induced by a^^ on the composition factors of T. By 
Lemma 8.5, the latter coincide with those composition factors of G which 
are torsion groups. Likewise, ta is the product of the modules of the auto- 
morphisms induced by a~^ on those composition factors of G/S which are 
torsion groups. As the latter are among the composition factors of G which 
are torsion groups, we deduce that ta divides ta- n 

Two algebraic results will help us to discuss the central extension (12). 
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Lemma 11.4 Let H be a nilpotent group which admits a central series 
1 = i^o <i -^1 <i ■ ■ ■ <i Hn = H such that H / Hj is torsion-free for each j G 
{0, . . . ,n}. Then roots in H are unique: If x"^ = y"^ for certain x,y & H 
and m eN, then x = y. 

Proof. The proof is by induction on n. If n = 1, then H is abehan and 
torsion-free. Thus x"^ = y"^ entails that {y~^x)"^ = 1, whence y~^x = 1 and 
X = y. If n > 1, then the inductive hypothesis apphes to H/Hi, whence 
xHi = yHi. Since Hi C Z{H), we have x = yz for some element z in 
the centre of H. Thus y"^ = x™ = y"^z"^ and hence z™ = 1. Since H is 
torsion-free, we infer that z = 1 and thus x = y. □ 

Lemma 11.5 Let 1 —^ C ^ H ^ H/C ^ 1 fee a central extension, where C 
is a group of finite exponent and Q := H/C an infinitely divisible nilpotent 
group admitting a central series 1 = Qq < Qi < ■ ■ ■ < Qm = Q such that 
Qj is infinitely divisible and Q/Qj is torsion-free for each j G {0, . . . ,m}. 
Then there is an infinitely divisible subgroup, L, of H such that H = C x L. 
Furthermore, C = tor(/J) and L = dw{H) are fully invariant subgroups of H . 

Proof. It suffices to prove the ffist assertion (because the final assertion is 
an immediate consequence). We first note that C = tor(iJ) because H/C 
is torsion-free. Hence C is a fully invariant subgroup. Let rf G N be such 
that c'^ = 1 for every c E C. We first show that each coset, xC, in H/C 
contains a unique element that is divisible by kd for every A; G N. Since H/C 
is infinitely divisible, there is yC G H/C such that (yC)'"^ = xC. Hence 
y'"^ G xC. Because H/C satisfies the hypotheses of the preceding lemma, 
the coset yC is unique. If yc is another element of yC, then (yc)'^'^ = y^'^ 
because c belongs to the centre of H and c'^ = 1. Hence y'^'^ is the unique 
element of xC that is divisible by kd. If k' is another element of N, then 
there is z E H such that z''^ "^ = y'"^. Hence y'"^ is also the unique element of 
xC divisible by k'd. 

Define L := {y'^: y G H}. By the above argument, each element of L is 
divisible by kd for each A; G N. Furthermore, LC/C = H/C. We assert: L is 
a group and is complementary to C. The proof is by induction on m. 

Assume m = 1 first; then H/C is abelian. Given xi, X2 G L, we have 
Xi = yf'^ for some yi G H. Since z := yi^y2^yiy2 belongs to C, we have 
z''- = I and thus a;ia;2 = {yiy2f'''' z^'^'^'"'^''-'^^ = {yiy2Y'^ z'^^^'^"^^ = (^1^/2)^'^ G L. 
It is clear that L is closed under inverses and so L is a group. It is also clear 
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from its definition tliat L is a characteristic subgroup and tliat L (1 C = 1. 
Since, furthermore, LC/C = H/C, we have LC = H and hence H = C x L. 

Now let m > 1 and assume that the assertion holds if m is replaced by 
m — 1. Let H' be the inverse image of Qi under the quotient map H -^ H/C. 
Then H' /C = Qi is an infinitely divisible, torsion-free abelian group, whence 
the extension 1 ^ C ^ H' ^ H'/C -^ 1 satisfies the hypotheses of the 
lemma. By the abelian case already discussed, H' = C x L' with L' an 
infinitely divisible and characteristic subgroup of H'. The group L' is normal 
in H and the extension 1 -^ CL'/L' -^ H/L' -^ {H / L') / {C L' / L') -> 1 
satisfies the hypotheses of the lemma, because CL'/L' = C/{C H L') is a 
torsion group of finite exponent and {H / L') / {C L' / L') = H/{CL') = H/H' = 
Qm/Qi is a nilpotent group isomorphic to Qm/Qi which admits the central 
series 1 = Qi/Qi < ■ ■ ■ < Qm/Qi of length m — 1 where Qj/Qi is infinitely 
divisible and {Qm/Qi)/{Qj/Qi) — Qm/Qj torsion-free for all j G {1, . . . , m}. 
Hence H/L' = {CL'/L') x L" for an infinitely divisible subgroup L" of H/L', 
by the case m—1. We claim: The inverse image of L" under the quotient 
map q: H ^ H/L' is equal to L. If this is true, then L is a characteristic 
subgroup of H. Because the elements of L are divisible by kd for each k 
and C = toT{H) has finite exponent, L (1 C = 1 holds. Since, furthermore, 
LC/C = H/C, we have LC = H and hence H = C x L. In particular, 
L = H/C is infinitely divisible. 

It only remains to verify the claim. Since CL'/L' has exponent dividing d, 
we have q{y'^) G L" for each y ^ H and thus q{L) C L". If a: G L", then 
there exists w G L" such that w'^ = x. Taking y & H such that w = q{y), we 
have y'^ E L and qiy"^) = x, showing that q{L) = L". Hence L = q~^{L") will 
follow if we can show that LL' C L. To this end, let xi G L, X2 G L'. Then 
Xi = yf'^ for some yi G H, and X2 = y'^ for some 1/2 ^ ^' ■ Since L'C /C C Q^ 
is contained in the centre of H/C , we have z := yi^y2^yiy2 ^ C and thus 
L 3 (1/11/2)^'^ = y'l'^yl'^ z'^'"'^'^'^^ = yf^yl''' = X1X2. This completes the proof. □ 

To obtain information concerning the central extension (12), we now consider 
the canonical a-stable series 1 = Qq < ■ ■ ■ < Qm = G/T of G/T. Since all 
(a)-composition factors of G/T are torsion-free by Lemma 10.1, also all (a)- 
composition factors of Qm/Qj are torsion-free, as well as those of Qj, for 
i G {0, ...,m}. Hence Qj and Qm/Qj are torsion-free, infinitely divisible, 
nilpotent groups by Proposition 8.3 and Lemma 8.4. Thus Lemma 11.5 
implies that (12) splits as an extension of abstract groups. Write 

DHMj = (D n Mj n T) X L, 
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say, where L = G/T. Then L = dw{D fl Mj) is a characteristic subgroup of 
D n Mj. Since D fl Mj is a normal and a-stable subgroup of G, it follows 
that L is a normal and a-stable subgroup of G. We also have that G = LT, 
by Lemma 11.2, and that L (IT = 1, since L is torsion-free. Therefore, 
G = T X L as an abstract group. We need more: 

Lemma 11.6 L is closed in G and G = T x L as a topological group. 

Proof. Pick a compact, open subgroup U < G and let tt: G ^ G/T be 
the quotient map. Since G/T is a product of p-adic Lie groups for cer- 
tain primes p, we find primes pi,...,pm and continuous homomorphisms 
^i : Zp. — > G/T such that, for each A; G No, 

\4 := UPi^pJ UP2^p.) ■■■UpI^pJ 

is a compact, open subgroup of tt{U). To see this, recall that each p-adic 
Lie group admits coordinates of the second kind, and apply the ultrametric 
inverse function theorem. Since 7i\u'- U -^ 7r(f/) is a quotient homomor- 
phism between pro-finite groups, each ^i lifts to a continuous homomorphism 
9i : Zp. -^ U such that 7i o Oi = C,i (this is clear from standard facts of pro- 
finite Sylow theory, notably [23, Proposition 2.2.3(b)]). There exists /c G N 
such that t^^Pi G Zp. for all i G {1, . . . ,fn}, entailing that all elements of 
9i{p'^ZpJ are divisible by ta in G. Hence ^j(p^Zp.) C L and thus 

W := eM^p,)9M^p,)---9Upt^pJ C L. 

Note that n(W) = Vk- If x, y G W, then n{x)n{ii) G V^ and thus 7r(a;)7r(|/) = 
■n{z) for some z G W . Since also 7i{xy) = n{z), where both xy and z are 
in L, we deduce from the injectivity of ttIl that xy = z. Hence W is a. 
subgroup of L. Since W is compact, the bijective continuous homomorphism 
7r|^;(^ is an isomorphism of topological groups. Therefore the homomorphism 
(ttIl)"^ : G/T ^ L is continuous on the identity neighbourhood V^ and hence 
continuous. Thus G = T x L as a topological group, and thus L is closed. □ 

Proof of Lemma 8.9, completed. Since G = T x L, Lemma 8.7 implies 

that a;*" G L for each x E G. Thus D = (a;*° : x E G) C L = L, using 
Lemma 11.6. Conversely, LCD, because L is infinitely divisible. Hence 
L = D and thus G = T x D internally as a topological group. Since T has 
finite exponent and D is infinitely divisible, it follows that D = div(G). □ 
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A Appendix: Proof of Lemma 6.4. 

The case n = 1 being trivial (defining the empty intersection as G), we 
may assume that n > 1 and that the claim holds for n — 1 distinct nor- 
mal subgroups. It is clear that 6 is injective and takes Dk/D into G/Nk, 
for each k; it therefore only remains to show that 9{Dk/D) = G/Nk, i.e., 
DkNk/Nk = G/Nk- If this is wrong, then D^Nk/Nk is a proper normal sub- 
group of the simple group G/Nk for some k G {1, . . . , n}, whence D^Nk = Nk 
and thus Dk '^ Nk. Then Nk/Dk is a proper normal subgroup of G/Dk- By 
induction, G/Dk is the internal direct product of the non-abelian simple 
groups C,/Dk = {G/Dk)/{N^/Dk) = G/N^ for j G {1, . . . ,n} \ {A;}, where 
Cj is the intersection of the groups Ni for alH G {1, . . . , n} \ {j, k}. By Re- 
mak's Theorem [18, 3.3.12], there exists a finite subset F C {1, . . . ,n} \ {k} 
such that Nk/Dk = Yljepi^j/^k) internally. Since Nk/Dk is a proper sub- 
group of G/Dk, there exists i G {1, . . . ,n} \ {k} such that i ^ F. Then 
Cj C Ni for each j e F and thus Nk/Dk C N^/Dk, entaihng that A^^ C A^^. 
But then N^/Nk is a proper normal subgroup of the simple group G/Nk and 
thus Ni/Nk = 1. Hence Ne = Nk and therefore i = k, contradicting our 
choice of £. This completes the inductive proof. □ 
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